On the theory of supersolidity by Yu, Yongle
ar
X
iv
:c
on
d-
m
at
/0
60
97
12
v2
  [
co
nd
-m
at.
sta
t-m
ec
h]
  1
2 D
ec
 20
07
on the theory of supersolidity
Yongle Yu
∗
State Key Laboratory of Magneti Resonane and Atomi and Moleular Physis,
Wuhan Institute of Physis and Mathematis, Chinese Aademy of Sienes, Wuhan 430071, P. R. China
(Dated: Deember 12, 2007)
We present a mirosopi, many-body argument for supersolidity. We also illustrate the origin of
rotons in a Bose system.
In physis the most fasinating phenomena are perhaps
so-alled marosopi quantum phenomena, suh as su-
peruidity, partially due to that they are anti-intuitive
at a visible sale. It might look unlikely to get a lear
theoretial piture of these phenomena sine that quan-
tum many-body problems are omplex problems. How-
ever, some diret analysis still an be performed and some
understanding an be obtained at the very fundamental
level, for example, the onstrution of Laughlin's wave-
funtion for frational quantum Hall eet. In this paper,
we attempt to argue that supersolidity [1℄ is a natural
onsequene of Bose exhange symmetry through a di-
ret analysis of the many-body wave funtions of a Bose
system, our analysis also reveals the origin of rotons in
a Bose system, whih is another fasinating issue in on-
densed matter physis.
The knowledge of superuidity has aumulated
through the eorts of several generations of physiists
[2℄. Landau [3℄ rst related superuidity with the prop-
erties of the spetrum of a system, speially, the quasi-
partile spetrum. Bloh's [4℄ and Leggett's [5℄ works
learly point out that a more transparent way to un-
derstand this phenomenon is based on the properties of
many-body dispersion spetrum, i.e., the lowest eigen en-
ergies of the system at given momenta. When there exist
loal minima in the dispersion spetrum, the energy bar-
riers whih separate the minima will prevent the deay of
urrent arried by the states orresponding the minima
(see Fig. 2 for example), thus superuidity ours [8℄.
We have argued in [6℄ that the existene of the loal
minima in the dispersion spetrum of a Bose system ould
be understood in terms of Bose exhange symmetry. Let
us onsider a 2D periodi Bose system with N partile,
with a nite-range repulsive interation and with a square
geometry (see Fig. 1), The Hamiltonian takes a form
H = −
N∑
i=1
~
2
2MR2
∂2
∂θ2i
+ g
N∑
i<j
f(θi − θj), (1)
Where M is the mass of a partile, g is the interation
strength, f desribes the form of a repulsive interation,
2piR is the linear size of the system. θi = (xi, yi)/R
where (xi, yi) are the oordinates of the i-th partile. We
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Figure 1: The geometry of a 2D periodi system. The edge
AB is identied with DC and BC identied with AD. The
linear size of the system is 2piR.
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Figure 2: The spetra of yrast states with Py = 0, relative to
the ground state energy, for three systems with N = 9, and
having various interation strengths g. the interation takes
a form of f(θ) = 4pi2e−θ
2/4ξ2/(4piξ2) with ξ = 2pi/15.
will adopt the unit system generated by ~, R and M ,
exept that the energy is in the unit of ~
2/2MR2 where
a fator of a half is involved for onveniene.
The many-body spetrum an be labeled by the mo-
mentum of the system P = (Px, Py), sine Px, Py are
good quantum numbers due to the translational symme-
try. We onsider part of the spetrum, E = E(Px, Py),
whereE is the minimum energy at the given (Px, Py). We
will all the many-body states orresponding this disper-
sion spetrum the yrast states, following onvention in
nulear physis.
Due to Galileo invariane [4, 6℄, we an derive the full
yrast spetrum if part of this spetrum in the regime
0 ≤ Px ≤ N , 0 ≤ Py ≤ N is known. Partiularly, we
an derive all loal minima of the spetrum and realize
that there is an upper momentum limit beyond whih no
superurrents exist any more, i.e., there exists a ritial
2veloity [4, 6℄. We will only fous on the struture of the
yrast spetrum in the momentum regime 0 ≤ Px ≤ N ,
0 ≤ Py ≤ N in the rest of this paper.
The perturbation analysis of the yrast states
and dispersion spetrum of the system at small
g, is straightforward and presented in [6℄. For
example, the yrast states for 0 ≤ Px ≤ N ,
Py = 0 are be approximated well by Fok states
|(0, 0)N (1, 0)0〉, |(0, 0)N−1(1, 0)1〉, |(0, 0)N−2(1, 0)2〉,
..., |(0, 0)0(1, 0)N〉, where (m,n), a pair of inte-
gers, denotes the single partile orbit ψm,n(x, y) =
1/(2pi)eimx/R+iny/R and |(0, 0)j1(1, 0)j2〉 denotes a Fok
state with j1 partiles oupying orbits (0, 0) and j2
partiles in orbits (1, 0). These Fok states will have
the same (diret) Fok energy while the exhange
energy, as a funtion of Px, has a paraboli behavior,
Eex ∝ g(N − Px)Px. This behavior of the exhange
energy, without any lassial analog, is responsible for
the possible existene of loal minimum of the dispersion
spetrum at (Px, Py) = (N, 0). In [6℄, we also present
the seond mirosmany-body argument for the exhange
origin of superuidity. By omparing the dispersion
spetrum of a spinless Bose system and that of a
orresponding spinor Bose system, one an naturally
imagine that the possible energy barriers separating two
neighboring minima of dispersion spetrum (of a spinless
system) will beome more apparent with inreasing g,
i.e., strong interation enhanes superuidity.
In this paper, we will present another many-body ar-
gument for the quantum origin of superuidity, whih il-
lustrate in a diret way the role of exhange symmetry in
determining the dispersion spetrum of the systems. This
argument also indiate a natural ompatibility of super-
uidity and rystalline ordering, on the ontrast to previ-
ous ommon beliefs that rystalline ordering will destroy
superuidity. Supersolidity is a natural onsequene of
this ompatibility.
We onsider the system speied above with N = 9,
the generalization for N = m2, where m is an integer [7℄,
is straightforward. The dispersion spetra shows that
with large g there are also superurrents at (Px, Py) =
(3, 0), (6, 0) besides the one at (Px, Py) = (9, 0) (see
Fig. 2). The superurrent states at P = (3, 0) and (6, 0)
are rather surprising, in whih it is impossible that all
nine partiles oupy the same orbits. This 'new' super-
urrents an be explained.
A many-body state of the system an be written in the
spatial presentation
|ψ〉 =
∑
x1,x2,...,x9
ψ(x1, x2, ..., x9)|x1, x2, ..., x9〉 (2)
one might refer to eah state |x1, x2, ..., x9〉 as a ong-
uration with the rst partile at position x1, the seond
at x2, ..., the ninth at x9.
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Figure 3: Some examples of ongurations with 2pi/3 − x−
symmetry and with rather small interation energies. Crosses
mark the positions denoted by Ais.
and the interation energy of the state has the form of,
Eψint = 〈ψ|g
N∑
i<j
f(xi − xj)|ψ〉 (3)
=
∑
x1,...,x9
|ψ(x1, ..., x9)|
2g(
N∑
i<j
f(xi − xj)) (4)
whih an be interpreted as average of the interation en-
ergy of eah onguration, with weight being the square
module of the wavefuntion. The ongurations with
small interation energy shall be largely explored by the
yrast states at large g, in whih the interation energy
dominates the kineti energy.
We shall onsider a group of ongurations with a er-
tain disrete translational symmetry and its relationship
with yrast states. The symmetry is following. If one
onguration is translated by a mount of 2pi/3R along
x axis, the rst partiles will be in the previous posi-
tion of the seond partile (x1 → x2), the seond par-
tiles will reah the previous position of the third par-
tile (x2 → x3), and x3 → x1, x4 → x5 → x6 → x4,
x7 → x8 → x9 → x7. We label the positions of
nine partiles of this onguration by A1, A2, ..., A9, i.e.,
x1 = A1, x2 = A2, ..., x9 = A9. Thus after the transla-
tion, x1 = A2, x2 = A3, x3 = A1, ..., x9 = A7.
We refer to this symmetry as 2pi/3 − x − symmetry.
Obviously, most ongurations with 2pi/3−x−symmetry
has a relatively small interation energy sine the parti-
les are well separated along x axis, (see Fig. 3 for exam-
ples).
We shall argue that the ongurations with 2pi/3−x−
symmetry an only be aommodated (with a non-zero
weight) by yrast states at Px = 0, 3, 6, 9, ... .
First, with this translation, the wavefuntion assoi-
ated with the ongurations hanges to be,
Ψ(x1 = A2, ..., x9 = A7) ≡ ψ(A1 + b, ..., A9 + b)
= eibPˆ /~ψ(A1, A2, ..., A9) (5)
Where b = (2pi/3R, 0), Pˆ = (Pˆx, Pˆy) is the momentum
operator. For eigenstates of the Pˆ , bPˆ/~ = Px/3 ∗ 2pi
with Px in the unit we speied above.
Due to Bose exhange symmetry, the wavefuntion is
invariant under any permutation of the oordinates of
partiles, thus
3ψ(A2, A3, ..., A7) = ψ(A1, A2, ..., A9). (6)
Combining Eqs. 5, 6, one is led to
(ei
2pi
3
Px − 1)ψ(A1, A2, A3;A4, A5, A6;A7, A8, A9) = 0.
(7)
Thus ψ(A1, A2, A3, A4, A5, A6, A7, A8, A9) = 0 at Px 6=
0, 3, 6, ... . The ongurations with 2pi/3−x−symmetry
an't be eetively involved in those yrast states with
Px 6= 0, 3, 6, ... .
One an also note that if one onguration is not in-
volved in a yrast state |ψ〉, its neighboring ongura-
tions an't be eetively involved in |ψ〉. For a on-
guration with rst partile at position B1, the seond
partile in position B2, ... , in its neighboring ong-
urations, the rst partile is at position B1 + δ1 where
δ1 is small position shift, and the seond partile is at
B2+δ2 with δ2 being small, ... . If ψ(B1, B2, ..., B9) = 0,
then |ψ(B1+ δ1, B2+ δ2, ..., B9+ δ9)| an't be large, oth-
erwise the value of the wavefuntion hanges dramat-
ially from (x1, x2, ...) = (B1, B2, ...), to (x1, x2, ...) =
(B1+δ1, B2+δ2, ...), whih means that the wavefuntion
has a large gradient and thus a large kineti energy (den-
sity) near this neighboring onguration, but large ki-
neti energy (density) shall be avoided in the yrast states
whih pursues the minimum energy at given momenta.
Therefore, the yrast states at Px = 0, 3, 6, 9, ... an use
the ongurations with 2pi/3− x − symmetry and their
neighboring ongurations to lower their interation en-
ergy while the yrast states at other Px an not. Similarly,
the yrast states at Py = 0, 3, 6, 9, ... an eetively aess
ongurations with 2pi/3−y−symmetry and their neigh-
boring ongurations to lower the interation energy
while the states at other Py an not. At suient large g,
the yrast states at (Px, Py) = (3, 0), (6, 0), (9, 0), (3, 3), ...,
will beome superurrent states, with energies lower than
the energies of their neighboring yrast states.
The ongurations with 2pi/3 − x, y − symmetry are
also the fundamental omponents to build an inner
rystal-like struture in the system, one thus draw a on-
lusion that only those yrast states with partiular mo-
mentum values an support suh inner rystal-like stru-
tures, they are superurrent states. The inner rystal-like
struture of the ground state at large g an be seen learly
in the plot of pair orrelation funtion (see Fig. 4), whih
is dened as
ρ(θ, θA) =
〈ψ|
∑
i6=j δ(θ − θi)δ(θA − θj)|ψ〉
〈ψ|
∑
j δ(θA − θj)|ψ〉
(8)
where θA is the referees point.
The above disussions an be generalized to systems
with large N and to 3D systems straightforwardly. In
a 2D system with square periodi boundary geometry,
with N = m2 [7℄, and with large g, the yrast spetrum
Figure 4: Pair orrelation prole of the ground state of a
system with g = 1 (left) and of a system with g = 12 (right).
The referene point θA is loated at the enter. N = 9. At
rather small g, g = 1, the system has short-range orrelations
but no long-range orrelations and is in a gas-like or liquid-like
phase (left). At large g, g = 12, the system has long-range
orrelations and is in a solid-like phase (right).
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Figure 5: The yrast spetrum of a 3D periodi system, rel-
ative to the ground state energy. Py = Pz = 0. N = 8. the
interation is V (θ) = (2pi)3ge−θ
2/4ξ2/(
√
4piξ)3, with g = 6 ,
ξ = 3pi/20, where θ = (θx, θy , θz) is the dierene between the
generalized angular oordinates of two interating partiles.
will has loal minima at (Px, Py) = (m, 0), (2m, 0),...,
(m,m), (2m,m),..., (m,m), due to the ompatibility
of the yrast states at these momenta with the partile
ongurations with 2pi/m − x, y − symmetry. In a
3D system with ubi periodi boundary geometry
and with N = m3, the yrast states at (Px, Py, Pz) =
(m, 0, 0), (2m, 0, 0),..., (m,m, 0), (2m,m, 0), ...,(m,m,m),
..., (m3,m3,m3) an beome superurrent states
for their aommodations of the ongurations with
2pi/m − x, y, z − symmetry. Numerial results of a 3D
periodi ubi system with N = 8 is plotted in Fig. 5 .
The above argument for exhange origin of superuid-
ity an also be applied to a system with an interpartile
interation whih is repulsive at short range and attra-
tive at long range, for example, the Helium system. In
these systems, the ongurations with that type of dis-
rete translation symmetries are still energetially favor-
able and the states ompatible with these ongurations
an beome superurrent states. One might naturally
speulate that supersolidity an be observed in neon sys-
tems, muh like the ase of helium systems [9℄.
It is interesting to note that the smallest momentum of
a superurrent in a Bose system with large repulsive in-
4P
E
h/a 
Figure 6: Shemati plots of the quasipartile dispersion (solid
line) and yrast spetrum (dashed line) of a repulsive Bose sys-
tem. Quasipartiles generally do not exist beyond a thresh-
old where ertain deay hannels beome allowed [11℄. h is
Plank's onstant.
teration is δp = N1/d (d is the dimensionality) and that
it orresponds to the inverse of the average partile dis-
tane a. In liquid 4He, the momentum orresponding to
rotons in quasipartile spetrum is also around h/a (h is
Plank's onstant), whih naturally suggests that rotons
are due to the loal minimum of the yrast spetrum. The
quasipartile dispersion urve lies above the many-body
dispersion urve, as illustrated shematially in Fig. 6.
Corresponding to the loal minima of the yrast spetrum
at momentum h/a, there are rotons in the quasipartile
spetrum.
In onlusion, we present a mirosopi many-body ar-
gument for supersolidity. We also predit possible super-
solidity in
20
Ne and in
22
Ne.
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